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Abstract. The shallow acceptor impurity states in V-shaped GaAs–Ga1−xAlxAs quantum wires
(V-QWRs) are investigated by a coordinate transformation method. An asymmetrical distribution
of impurity binding energy along the direction normal to the V-shaped boundaries is found. The
impurity position corresponding to the maximum binding energy deviates from the centre of
V-QWRs. The variations in impurity binding energy with the dimension and curvatures of V-QWRs
are discussed.

1. Introduction

One-dimensional V-shaped and T-shaped semiconductor quantum wires have received
considerable attention in the past few years, due to the rapid development of material growth
techniques [1, 2]. Because the quantum confinement in one-dimensional systems increases
the importance of excitonic effects and enhances the density of states at specific energies
[3–5], quantum wire structures have wide potential applications in microelectronics and
future laser technology [6]. The experimental works on these quantum wire structures are
very wide and intensive, including the growth dynamics [7–9], photoluminescence (PL) and
photoluminescence excitation (PLE) spectra [10, 11], exciton recombination dynamics [12, 13]
and electric transport [14], etc. Because of the special cross-section shapes of V-shaped and
T-shaped quantum wires, it is not easy to obtain a simple and intuitive wavefunction for their
electronic states. In order to explain and explore the physical mechanisms in these quantum
wire structures, a number of theoretical methods were proposed [5, 10, 15–19].

The coordinate transformation method is an effective method to deal with the subband
structures in low-dimensional systems with nonplanar interfaces [19–21]. In this method, the
nonplanar interfaces become planar ones after a coordinate transformation so that the boundary
conditions of electronic wavefunctions can be satisfied exactly on the interfaces. In a previous
paper [22], the subband structures and exciton transitions in V-QWRs were investigated by
the coordinate transformation method with a variational procedure, and the theoretical exciton
peaks are in good agreement with the recent experimental PLE spectra [10]. In this paper,
the acceptor impurity states in V-QWRs are studied, as the impurity states are an important
factor to affect the electric-transportation and optical properties in semiconductor structures.
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In section 2, a theoretical framework is outlined. Numerical results and discussion are presented
in section 3.

2. Theory

Figure 1 is a schematic representation of V-QWRs, where GaAs is the well material and
Ga1−xAlxAs is the barrier material. Electron and hole are confined in the x–y plane and free
in the z direction. When an acceptor impurity is placed inside the V-QWRs, in the effective-
mass approximation, the Hamiltonian for impurity states can be written

H(�r) = Vion(�r) +

{ �P 2/(2m1) −d + f2(x) < y < d + f1(x)

�P 2/(2m2) + V0 elsewhere
(1)

and

Vion(�r) = −e2/(ε|�r − �r0|) (2)

where �r and �P are the hole coordinate and momentum, respectively; �r0 is the impurity position;
m1 and m2 are the hole effective mass in the well material and barrier material, respectively;
ε is the dielectric constant, and the difference in dielectric constant between the well material
and barrier material is neglected; V0 is the hole-confining potential, which is equal to the
valence-band discontinuity between the barrier material and well material; d + f1(x) and
−d + f2(x) represent the upper and bottom boundaries of the V-QWR, respectively. Since
the alloy composition we considered is direct (x < 0.45), both the effective mass m2 and
the valence-band offset V0 can be determined by the following �k = 0 values in Ga1−xAlxAs
[23, 24]

m1 = 0.51m0

m2 = (0.51 + 0.25x)m0

V0 = 0.35�E�
g (x)

ε = 12.6ε0 (3)

where the mixing of heavy-hole and light-hole states is neglected; m0 is the free-electron
mass and ε0 is the vacuum static dielectric constant; �E�

g (x) is the difference between the
Ga1−xAlxAs and GaAs band gaps at the � point, which is given by [24]

�E�
g (x) = 1.247x eV. (4)

The following coordinate transformation

x ′ = x

y ′ = d

2d + [f1(x) − f2(x)]
[2y − [f1(x) + f2(x)]]

z′ = z (5)

transforms the V-shaped boundaries into planar ones, and the wavefunctions could satisfy
the boundary conditions exactly on the interfaces. After the coordinate transformation, the
confining potential becomes

V (�r) =
{

0 |y ′| < d

V0 elsewhere.
(6)
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Figure 1. A schematic representation of V-QWRs, where d + ax2 and −d + bx2 are the upper and
bottom boundaries, respectively. The dotted line represents the middle line y = (a + b)x2/2 of
V-QWRs, and the dashed lines represent the new boundaries after the coordinate transformation.

The V-shaped boundaries become a confining potential along the x direction, which is included
in the new Hamiltonian, so that the electron and hole feel the confinement in two directions
like that in the traditional quantum wires with rectangular and circular cross sections∫

ψ∗(�r)H(�r)ψ(�r) dV∫
ψ∗(�r)ψ(�r) dV

=
∫

ψ∗(�r ′)|J (�r ′)|H(�r ′)ψ(�r ′) dV ′∫
ψ∗(�r ′)|J (�r ′)|ψ(�r ′) dV ′ (7)

where J (�r ′) is the Jacobian determinant.
The impurity state behaviour in traditional quantum wires has been studied by many

researchers [25–33], and a number of interesting and valuable results were obtained. The
traditional method to calculate the impurity binding energy in quantum wires is the variational
method, due to no exact solutions to the impurity states in quantum wires. The following trial
wavefunction in the new coordinate space is adopted for the ground impurity state in V-QWRs

ψ(�r ′) = ψ0(�r ′) exp(−β| �r ′ − �r ′
0|) (8)

and the acceptor impurity binding energy is defined as follows [34]

Eb = E0 − min
β

〈ψ(�r ′)|J (�r ′)H(�r ′)|ψ(�r ′)〉/〈ψ(�r ′)|J (�r ′)|ψ(�r ′)〉 (9)

where β is a variational parameter and �r ′
0 is the impurity position after the coordinate

transformation; ψ0(�r ′) and E0 are the ground hole wavefunction and ground hole level in
V-QWRs, respectively, which can be obtained by the procedures developed in our previous
paper [22]. In the previous paper [22], the hole subband wavefunctions are the combination of
complete quantum well eigenstates in the y direction and the complete harmonic oscillator
eigenstates in the x direction (due to the harmonic-like potential in the x direction after
coordinate transformation). The above trial wavefunction satisfies the boundary conditions
on the interfaces.

3. Results and discussion

Our previous results [22] show that a parabola is a good function to fit the upper and bottom
boundaries of V-QWRs, because the calculated exciton peaks are in good agreement with the
experimental PLE spectra. Technically, the functions used to fit V-shaped boundaries can be
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Figure 2. Variations in impurity binding energy with the dimension of V-QWRs for three different
impurity positions, where the Al composition in barrier material is x = 0.4 and the curvatures of
V-shaped boundaries are fixed.

Figure 3. Variations in impurity binding energy with the curvatures of V-shaped boundaries for
three different impurity positions, where the Al composition in barrier material is x = 0.4 and the
dimension of V-QWRs is fixed.

arbitrary, and there is no difficulty for us to finish the calculations for more complicated
boundary functions. For a model analysis, two parabolas, that is, f1(x) = ax2 and
f2(x) = bx2, are selected to represent the upper and bottom boundaries of V-QWRs, as
shown in figure 1.

Figures 2 and 3 show the variations in acceptor impurity binding energy with the dimension
and curvatures of V-QWRs for three different impurity positions, respectively, where O is
the centre of V-QWRs and A and B are the cross points of the upper and bottom V-shaped
boundaries with the y-axis (see figure 1). Here, the upper and bottom boundaries with the
same curvatures (a = b) are considered, as in most cases, the two boundaries of V-QWRs do
not cross each other in the experiments [1, 8–10]. The variation range of the dimension and
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Figure 4. Dependence of maximum impurity binding energy and its corresponding impurity
position (xi = 0) on the dimension of V-QWRs, where the Al composition in barrier material is
x = 0.4 and the curvatures of V-shaped boundaries are fixed.

Figure 5. Dependence of maximum impurity binding energy and its corresponding impurity
position (xi = 0) on the curvatures of V-shaped boundaries, where the Al composition in barrier
material is x = 0.4 and the dimension of V-QWRs is fixed.

curvatures of V-QWRs we adopted in figures 2 and 3 has been realized in the experiments
[8–10]. From figure 2, it can be seen that the impurity binding energy increases with the
decrease in the dimension of V-QWRs, due to the enhancement of the confining potential in
V-QWRs. However, the peak impurity binding energy, which usually appears in the binding
energy versus dimension curves in traditional quantum wires with finite confining potential
[26, 31] due to the leakage of the wavefunction from well material, does not appear in our
results. This may be due to the heavier hole effective mass we adopted in this study and
the resultant smaller effective hole Bohr radius (a∗

0 = h̄2ε/(mhe
2) = 13.07 Å in the GaAs

well material), which causes the peak dimension of V-QWR to be too small and beyond the
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Figure 6. Variations in impurity binding energy with the impurity position (a) along the y-axis
(xi = 0) and (b) along the middle line (the dotted line shown in figure 1) of a V-QWR, where the
Al composition in the barrier material is x = 0.4, and the dimension and curvatures are fixed.

dimension range that we considered. By the way, if the dimension of V-QWRs is too small,
the effective-mass approximation used here may not be applicable. In figure 2, it can also
be seen that the impurity binding energy at the centre is larger than that at two boundary
points, and the impurity binding energy at upper boundary point A is larger than that at
bottom boundary point B. This implies that there is an asymmetrical distribution of impurity
binding energy along the direction normal to the boundaries, due to the asymmetrical confining
potential in the y direction, which is different from the impurity state behaviour in traditional
quantum wires [25, 26, 31]. The asymmetrical confining potential in the y direction can be
seen from the geometry of V-QWRs. It is apparent that most of the wavefunctions are pushed
towards the convex side in the well, due to the shape of the barrier boundaries. This means
that the wavefunctions are asymmetrical in the y direction, and the centre of gravity of the
wavefunctions moves towards the convex side in the well; so the impurity binding energy at
two boundary cross points is different. When the curvatures of V-shaped boundaries increase,
the confining potential in the x direction increases, which causes the impurity binding energy
to increase, as shown in figure 3. At the same time, the increase in the curvatures of V-shaped
boundaries increases the asymmetry of confining potential in the y direction, and the difference
in binding energy between the upper and bottom boundary points increases. The decrease in
binding energy at bottom boundary point B for the higher curvatures of V-shaped boundaries
in figure 3 is related to the serious leakage of the wavefunction in the well material.
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Figure 7. Variations in impurity binding energy with the impurity position (a) along the y-axis
(xi = 0) and (b) along the middle line (the dotted line shown in figure 1) of a real V-QWR in [10],
where the Al composition in the barrier material is x = 0.3. The dimension 2d and the curvatures
a, b of V-shaped boundaries were obtained by fitting the boundaries of real V-QWR.

Because of the asymmetrical confining potential in the y direction, it is found that the
impurity position corresponding to maximum binding energy deviates from the centre of
V-QWRs. The dependence of maximum impurity binding energy and its corresponding
impurity position on the dimension and curvatures of V-QWRs are shown in figures 4 and
5. Figures 4 and 5 show that the variations in maximum binding energy with the dimension
and curvatures of V-QWRs are similar to those in figures 2 and 3. The deviation of peak
impurity position from the centre decreases with the increase in the dimension and increases
with the increase in the curvatures of V-QWRs, depending on the deviation of the centre of
gravity of the impurity state wavefunctions.

In order to understand clearly the asymmetrical confining potential in the y-direction,
figures 6 and 7 show the dependence of impurity binding energy on the impurity position
along the y-axis and the middle line between two V-shaped boundaries. The quantum wire
structure in figure 7 is a real V-QWR in [10], and its width and curvatures were obtained
by fitting the real V-shaped boundaries measured from a TEM micrograph [10, 22]. The
asymmetrical distribution of impurity binding energy along the y-direction can be clearly seen
in figures 6(a) and 7(a), and the centre of gravity of the binding energy distribution in the
y-direction moves towards the convex side of V-QWRs. The distribution of impurity binding
energy along the middle line of the V-QWR is symmetrical, due to the symmetrical boundaries



3026 Z-Y Deng et al

and its resultant symmetrical potential in the x-direction. It is apparent that the impurity
binding energy along the middle line decreases as the impurity position is further away from
the centre of V-QWRs, as shown in figures 6(b) and 7(b). This behaviour is similar to the
variations in impurity binding energy with the impurity position within the cross section of
traditional quantum wires [25, 26, 29, 31]. Moreover, figures 6 and 7 show that the impurity
state behaviour has no qualitative difference for the V-QWRs, in which the upper and bottom
boundaries have or do not have the same curvature. If other different types of function, which
more exactly describe the V-shaped boundaries, are used to represent V-shaped boundaries,
it is believed that the above qualitative results have no change, though there are some small
quantitative changes in impurity binding energy in V-QWRs.

In summary, the shallow acceptor impurity states in V-QWRs are investigated by a
coordinate transformation method. It is found that the impurity state behaviour in V-QWRs
in a sense is similar to that in traditional quantum wires. However, there is an asymmetrical
distribution of impurity binding energy along the direction normal to the V-shaped boundaries,
due to the asymmetrical confining potential. The impurity position corresponding to the
maximum binding energy deviates from the centre of V-QWRs.
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